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Stochastic Heat Equation / Parabolic Anderson Model

(%—%A) U(t,X): U(t,X)W(t,X), t>O’X€R

U(O7 ) = Mo

1. W: Centered Gaussian noise that is homogeneous in space;
2. po: Initial (nonnegative) measure.

u(t, X) = Jo(t, X) + /0 ' /]R p_s(x — y)u(s, y)W(ds,dy),  (Skorohod)

where J, is the solution to the homogeneous heat equation, i.e.,

()= [ plx=olay) with pilx) = (2rt) Ve .
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Centered Gaussian noise
(homogeneous in space)

E(W(t,x)W(s,y)) = Cuynlt — P2 |x — yH-2
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u(t, x) = /0 [ /R pr—s(x — y)u(s, y)W(ds,dy)
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u(t, x) = / / pi<(x — y)u(s, y)W(ds, dy)

+ (P po) (X)

O — 3A u(t, x)W(t, x) L0

b S C(R)
Moz to

S I S [ %
"a i | | AN | A P
S N O 5

6 1)4 ‘)2 3)4 1
Ho

7/26 (+3)



el

x|

[x[?

j3/2

Coo
¢ (R)

Ix|~1/2
U
do
x| %%
do

8
/26 (+3)



Ce°(R)
|X|—1/2
IX[?

eh*? x|

3 !
ol 5

8/26 (+3)



Ce*(R)

|X|71/2

[x?
Rough Initial Data

e‘X‘S/Z

elx® 8

8/26 (+3)



(pt * po)(x) < oo forall t > 0and x € R

RID: / e uo(dx) < oo forall a> 0
R
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(bt * po)(x) < oo forall t >0and x € R

RID: / e uo(dx) < oo forall a> 0
R
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First sun light in the morning (uo(x) = 1) Explosion (uo = do)
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X. Chen, 2019 BIC Exact asymptotics
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Theorem (R. Balan et al., 2022 (L.C.)) If (Ho, H) fall in Region Il, and if p is a
rough initial condition, then there is a unique solution u which satisfies:

Hit 2H0+H 1

E (Ju(t, x)[P) < C{J5(t, ) exp (Cgp A ) . Y(t,x,p) € Ry x R x [2,00),

where C; > 0 and C, > 0 are some constants which depend on H, and H.
H
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Theorem (R. Balan et al., 2022 (L.C.)) If (Ho, H) fall in Region Il, and if p is a
rough initial condition, then there is a unique solution u which satisfies:

Hit 2*"0 H—1

E (Ju(t, x)[P) < C{J5(t, ) exp (Cgp A ) . Y(tx,p) € Ry X R X [2, 00),

where C; > 0 and C, > 0 are some constants which depend on H, and H.
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BIC-RIC T (Hu and L&, 2019): For some C > 0 and 3 < Hy,

RIC: /

/( + g~ 1/2)f"ftlg‘zlf"uo(é)\dfS ct” forallt>0.

to(dx) < oo, foralla> 0.
po(X) | Flpo)(€) | |F(uo)(€)| | BIC | BIC-RICT | RIC
1 do(§) do (&) v v v
Ix|712 ] gm0 g2 | x v v
So(x) 1 1 X v v
x? 55 (6) — X X v
el — — X X v
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Chaos expansion:

u(t,x) = do(t, X) + > _ In(fa(- 1, X))

n>1

with

fa(ti, X1, .oy tny X, B, X) Hpt]+1 t,X/+1 X)do(t, Xi)1 o<ty <...<ta<ct}-

symmetrization:

fn(t1,X1,.. tn,Xn,t X I Z fn ,tp(n),Xp(n),t,X).
PESH
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Isometry:

u(t, )13 =" n[fa(-, 1, x)||3@n < oo

n>1
n
=>"n // dtd§/ pdd) [ []14 - s1*0~2
n>1 0,42 R4 =1

X Fha(ty ooty o £, X)(Er, o, €n)
><}:fn(sh'w~-7Sm',t7X)(£17--->£n)~

16/26 (+3)



Isometry:

lu(t, )llz = > ntlifa(, t, X)gen < o0

n>1
S n
:Zn!// dtd§/ p@) ([ 14—siP™2
n>1 0,427 RY =1

X Fhati, ooyt £, X) (&0 - En)
><.7'—?;1(51,',...,Sn,~,t7X)(§17...,£n).

Integrate df ds first? Integrate 1(d¢) first?
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T,

Two roads diverge i
p E I
| took the one less traveled by,

And that has made all differences.
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X. Chen, 2019 integrate df ds first: We has to integrate 1(d<) first:
» Double exponential trick » Laplace transform doesn’t apply

» Laplace method » Density for Brownian bridge
nonlinear in ¢

Set
g,nx)(a §) = (n')2/ M(dg)]“?n(t‘] PRI tna "y t? X)(€1 e 7"5")
Rd

><]-'7,7(s1,-, cees Sy 6 X) (&1, En)

so that

o0l =305 [ aias H|z;—s|2”°—2 w7 (£.5)

n>1 [0,
] e 2
o — o
<bp, S — </ df ’zpﬁ"’ (t, t)) ) .
0 HZE n! [0,4n X
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If0 <ty <...<lym <t= tynt1), then

vED < Bt [ (ds)Hexp sty = oty thm@

,0 (k+1)

(6

(Ref. Lemma 3.2 of R. M. Balan and Chen, 2018)
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w(d€) integral:
1. Change-of-variable
2. Triangle inequality + Subadditivity:

I = et |" 2 < (k] + )2
< || "B T (Recall 1 — 2H > 0)
3. /e*”"‘2|n\“dn:r<1Jga>t*”T“. (Vt>0,a>—1)
R

Triangle inequality in Step 2 above introduces the following multipliers:

Sh -—X1H X + Xe—1) = ZHXa’

acAy j=1

where A, is a set of all possible indices a = (a1, ..., an) .....

For example,
= {2110,2101,2020,2011,1210,1201,1120,1111}
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A, = {2110,2101,2020,2011,1210, 1201, 1120, 1111}

14

14

(a1,--+,an) < apathfrom (1,1) to either (n, n) or (n, n — 1) within the envelope.
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The d?integral leads to the study of the following factor:

n

—1T (0 + 1 H H (ax + a1 — 2)
Yn(at,...,a H ( ¢ (00 )

k=1

where
H—1 ,
Ho +2 if k=1,
Ok = k—1
1 4Ho +4H -3 1 -2H o
1_4Tlo+k TN + iR ’;a, fk=2...,n
and (ai,--- ,an) € An.
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Proof. Notice that (1,--- , 1) is the up most path in the envelope. It suffices to
prove that

~n (“path”) decreases its value when the path moving downwards.

Take (ai,--- ,an) and (&}, - - -

,a,) € An so that only the two path differs only
at one location:

(@, ay) ﬁ F(0k + 2 (8 + 8kt — 2)) y "6
Yn(ar, -+, an) s M0k + = 2H(ak + a1 —2)) (o)
r (‘9/ 1+ 4[3H(al 1+a—2)+ 4HH) F(0i41)

(9: 1+ 15 2H(a/_1 +a — 2)) (9/+1 + 72H) .
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k = Ok (8 + @her) — (A + @ks1) @ —ak
i+2 0 0 0
. 1-2H
i+1 aF —1 —1
i 0 0 1
i—1 0 1 0
A Case Il + Case Il
iv2 Xii2 i+2 Xii2 ®
i+1 i+1
VIl Xiz1
i Xi ® i

A
]
i+2
i+1
i
i—1 o
| Xi-1
|
- - ——tt
i i+1 i+2
+ Case IV
i+2 Xij2 ®
i+1
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Parabolic dance,
Moment asymptotics trance,
Stochastic romance.
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Initial data is the genome
for the growth model
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